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Abstract 

The inventory control of perishable items needsvery special attention due to the deterioration effects and this 
can be prevented by enhancing preservation technology otherwise it can directly reduce the total profit and 
revenue of a producer. In any business formation sustainability is a very pragmatic situation due to the rapid 
demand for environmental issues. To overcome these types of challenges, a producer must apply a green 
approach to their cost which is economically advantageous. In the present study, a model is considered where 
demand is stock and price is dependent on carbon emission cost. Shortages are allowed with partial 
backlogging. Further, the model is illustrated by numerical examples to validate the model. The sensitivity 
technique is applied through MATHEMATICA -12 to analyze the model with respect to major parameters and 
the model is explained through pictorial depiction.  
Keywords- Sustainability, carbon emission, inventory, stock dependent, stock, price dependent, shortage, 
partial backlogging, preservation, environmental 
 

1. Introduction & Literature Review 
Innumerable researches have been done in the field of production area where production rate is 
assumed constant by the researches. For such situation demand is considered with certainty 
(deterministic). But in practical situation demand oscillated due the trends of market and because of 
which the producer has to face the situation of shortages or high shortage costs which anticipate on 
fall or rise. Therefore volume agility is an effectual tool to handle such situation. As the awareness for 
sustainability is increasing in business and production houses. This allowed the researches to 
incorporate the pragmatic parameters such as carbon emissions in their modelling. This is acquired by 
the environmental experts and proved to be beneficial for economic and environment purposes. 
Whenever the inventory is kept in the production houses, the inventory is keep on deteriorating and 
this situation cannot be overlooked as it has a direct effect on other important parameters of the 
model such as total profit and revenue of the system. If we are having such products those are prone 
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to deteriorate, they need a special attention so that we can avoid the loss. Due to this an effective 
technology, to handle such situation is Preservation Technology. Numerous researches have studied 
various types of demand but in practical circumstances, the demand is always price sensitive. An 
effective way to express factors including quality of the products, flexibility, augment response to 
market demand, and depletion in inventory, which can neither be assessed by crisp values nor 
random processes, is using linguistic variables or fuzzy numbers. Many researchers have proposed an 
inventory model with different stipulation and constraints of demand but in practical, it is not very 
easy to handle demand due to many uncertainties and this attract the attention of researchers. For the 
first time Zadeh (1978) introduced fuzzy model which handles the restrictions of demand of real life 
situations and further explained the defuzzification. Many researchers extend the model and relate to 
real time problems. Rosenblatt (1986) developed a model for defective items and explained that these 
items can be reworked with the cost. Zadeh (1988) proposed a model which is very useful in taking a 
decision of real-life based problem and proposed some relevant applications. Liu et al. (1998) used 
the fuzzy concepts in Linear programming problem. Hayek and Salameh (2001) proposed a finite 
production model with a policy for the defective item which further can be reworked, and all are 
operable. Chang (2004) developed a model with fuzzy deterioration rate and fuzzy annual demand. In 
their model they used ranking method for finding fuzzy numbers. Roy, Maity et al. (2009) proposed a 
mathematical model in which they collect the defective items and reworked on them as well used 
items are collected from customers and can be used as fresh after being reworked. Some items did 
not last for long time and that is the reason they need preservation. In this direction much research 
has been done. Yadav et al. (2013) explored the model by fuzzifying the demand and deputed another 
method i.e. Chebyshev method. He and Huang (2013) examined a kind of model which is of seasonal 
products and their durability can be increased by preservation technology. Tayal, Singh et al. (2014) 
developed an inventory model in which two-way echelon supply chain is proposed for seasonal items 
with expiry date. In the same direction Khedlekar et al. (2016) developed a model for seasonal 
product and the deterioration rate can be managed by the technology of preservation. Yadav et al. 
(2016) considered a multi item integrated supply chain inventory model by considering polices like 
trade credit and preservation etc. Mohanty and Goswami (2018) examined the joint financial out turn 
of trade credit policy and preservation technology. Singh, Kumar, and Yadav (2020) presented a 
model with three stage EOQ plan. In this model they consider the transportation and carbon 
emission cost fuzzy so as to keep the situation more practical. In the same year, Gautam et al. (2020) 
examined a model under preservation technology considering carbon emission cost with the price 
sensitive demand which depends on the buyer. Mashud et al. (2021) contributes to optimize the 
selling price and cycle length under preservation technology and financing. In their paper many 
approaches has been studied to manage the inventory. Singh, Rastogi and Singhal (2021) proposed a 
mathematical model in which they proposed a mathematical model in which they proposed that JIT 
is the best technique to handle inventory without so much of shortage cost. Singh and Vishnoi (2021) 
developed a model with linear holding cost and is examined for inflation. Rahman et al. (2022) 
developed a production inventory model using preservation model for the production items for 
avoiding the loss during production. Das et al. proposed a demand dependent inventory model for 
continuously deteriorating items. 
 
Table 1 : The comparison of present study with other author’s work Author  
 

Author Demand Production 

Rate 

Deterioration Carbon 

Emission 

Cost 

Shortages with 

Backlogging 

Fuzzy Preservation  

Technology 

Aridan 

Roy,Kalipada 

Maity etl 

Deterministi

c 

Constant Crisp no Not allowed yes no 
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Dipana Jyoti 

Mohanty,Ravi 

Shankar 

Kumar etl 

Time 

dependent 

- constant no Allowed with 

partial 

backlogging 

no yes 

Prerna 

Gautam,Km 

Kamna  etl 

Sale 

dependent 

flexible variable yes Allowed  yes 

Yong He and 

Hongfu 

Huang 

Related to 

market price 

- Controlled variable no no no yes 

Mostafijur 

Rahaman,San

kar Prasad 

Mondal etl 

selling price 

and stock 

sensitive 

stock sensitive constant no no yes yes 

Subhash 

Chandra Das , 

A.M. Zidan 

etl 

Price 

dependent 

- Non instantaneous no Yes with 

partial 

backlogging 

 yes 

Kaj-Mikael 

Björk 

uncertain - - no no yes no 

Abu Hashan 

Md Mashud 

Hui-Ming 

Wee etl 

price-

dependent 

demand 

- constant no Yes with 

backlogging 

During Stock 

out period 

no yes 

Hung Chi 

Chang 

fuzzy - crisp no no yes No 

Uttam Kumar 

Khedlekar,Di

wakar Shukla 

etl 

Related to 

market price 

- Continuous no no no Yes 

Present Paper Stock and 

Price 

dependent 

Flexible Constant yes Allowed with 

partial 

backlogging 

yes Yes 

 

 
 
 
 
In the present study a fuzzy model has been represented where good quality rate and annual demand 
is denoted by a fuzzy number. A method of signed distance method is applied for finding the 
estimated total cost in fuzzy sense. Sensitivity is performed to validate the model. Due to lack of 
historical data, probabilities distribution cannot be an appropriate approach. So, we have an alternate 
approach to solve the real-life problems. 
 
 

 
2. Presumptions and Annotations:  

 
2.1. Annotations: 

The following notations are used in our study: 
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a-bp+cI(t)            Selling price and stock dependent demand, a, b>0, 0<c<1 

p  Rate of selling price 

 P                     Flexible production rate 

                      Deterioration rate, 0 1   

u   Parameter of preservation technology investment  

f(u)  Proportion of reduced deterioration rate, f(u)=1-e-ɣu where 0 ≤ f(u) ≤ 1 

𝐶ℎ                    Inventory holding cost per unit per unit time,  

𝑤𝐶  Carbon emission cost in holding 

𝐶𝑆𝑃 Set up cost per unit per unit time,  

𝑑𝑐                    Deterioration cost per unit per unit time 

𝑑𝑒  Carbon emission cost in deteriorating 

𝐶𝑆                    Shortage cost per unit per unit time 

LSC                   Lost sale cost per unit per unit time 

𝛿                    Partial backlogging rate 

    ɳ(P)              Unit production cost of an item and ɳ(𝑃) = 𝛼 +
𝑔

𝑃
+ 𝑟𝑃, where, α  is 

material cost, the production cost/unit (g/P) tends to decrease as rate of 

production (P) increases, ‘r’ is tool or die cost is proportionate with respect 

to production rate.    

2.2. Assumption: 
 
The following assumptions are as follows: 

1. The replenishment rate is instantaneous. 

2. Deterioration rate is taken as constant. 

3. To reduce the effect of deterioration rate, preservation technology is used. 

4. Demand rate is taken as stock and price dependent. 

5. Shortages are allowed with partial backlogging. 

6. Carbon emission is the result of transporting, warehouse and keeping the deteriorating items. 

7. Production rate is taken as flexible. 

8. Unit production cost is a function of the production rate. 

 
 

3. Mathematical Model 
An inventory system for decaying items with preservation technology has been introduced in this 

study. The production cycle starts with zero inventory at t=0 and it lifts up to S at t=t1 with 

continuously due to demand and deterioration after that production stops at t=t2, and inventory 
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becomes down with demand and deterioration. At t=t2, lack of inventory starts with the partial 

backlogging and reach to maximum shortage level at time t=t3. Again Production starts to 

complete the backlog demand and the cycle ends with t=T. The following equations with the 

boundary conditions are: 

𝐼1 
′ (𝑡) + 𝜃(1 − 𝑓(𝑢))𝐼1(𝑡) = 𝑃 − (𝑎 − 𝑏𝑝 + 𝑐𝐼1(𝑡))           0 ≤ 𝑡 ≤ 𝑡1  (1) 

𝐼2 
′ (𝑡) + 𝜃(1 − 𝑓(𝑢))𝐼2(𝑡) = −(𝑎 − 𝑏𝑝 + 𝑐𝐼2(𝑡))             𝑡1 ≤ 𝑡 ≤ 𝑡2   (2) 

𝐼3 
′ (𝑡) =  𝛿(a − bp)             𝑡2 ≤ 𝑡 ≤ 𝑡3   (3) 

𝐼4 
′ (𝑡) = 𝑃 − (𝑎 − 𝑏𝑝)                        𝑡3 ≤ 𝑡 ≤ 𝑇   (4) 

With boundary conditions: 

𝐼(0) = 0, 𝐼(𝑡2) = 0 𝑎𝑛𝑑 𝐼(𝑇) = 0 

Solutions of the above equations are:  

𝐼1(𝑡) =
(𝑃−(𝑎−𝑏𝑝))

𝜃1
(1 − 𝑒−𝜃1𝑡)                   0 ≤ 𝑡 ≤ 𝑡1   (5) 

𝐼2(𝑡) =
(𝑎−𝑏𝑝)

𝜃1
(𝑒𝜃1(𝑡2−𝑡) − 1)       𝑡1 ≤ 𝑡 ≤ 𝑡2   (6) 

𝐼3(𝑡) = 𝛿(𝑎 − 𝑏𝑝)(𝑡 − 𝑡2)       𝑡2 ≤ 𝑡 ≤ 𝑡3   (7) 

𝐼4(𝑡) = (𝑃 − (𝑎 − 𝑏𝑝))(𝑡 − 𝑇)        𝑡3 ≤ 𝑡 ≤ 𝑇   (8)  

Where 𝜃1 = 𝜃(1 − 𝑓(𝑢)) 

We get the value of t1 and t3 with the help of above equations: 

𝑡1 =
(𝑎−𝑏𝑝)𝑡2

𝑃
` 

and 

𝑡3 =
(𝑃 − (𝑎 − 𝑏𝑝))𝑇 − 𝛿(𝑎 − 𝑏𝑝)𝑡2

(𝑃 − (𝑎 − 𝑏𝑝)) − 𝛿(𝑎 − 𝑏𝑝)
 

The inventory holds at [0, 𝑡2] time, then carrying cost is:  

HC = (𝐶ℎ + 𝑤𝑐)[∫ 𝐼1
𝑡1

0
(𝑡)𝑑𝑡 + ∫ 𝐼2(𝑡)𝑑𝑡

𝑡2

𝑡1
] 

= (𝐶ℎ + 𝑤𝑐)[
(𝑃−(𝑎−𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎−𝑏𝑝)

𝜃1
(

1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) − (𝑡2 − 𝑡1))]      (9) 

The items deteriorate at [0, 𝑡2], then deterioration cost is: 

DC = (𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[∫ 𝐼1
𝑡1

0  
(𝑡)𝑑𝑡 + ∫ 𝐼2(𝑡)𝑑𝑡

𝑡2

𝑡1
] 

= (𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃−(𝑎−𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎−𝑏𝑝)

𝜃1
(

1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) −

(𝑡2 − 𝑡1))]          (10) 

Shortage starts at time [𝑡2, 𝑇], the shortages cost is: 

SC=𝐶𝑆[∫ (−𝐼3
𝑡3

𝑡2
(𝑡))𝑑𝑡 + ∫ (−𝐼4(𝑡))𝑑𝑡]

𝑇

𝑡3
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= 𝐶𝑆[(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
]     (11) 

 Items lost at time [𝑡2, 𝑡3], then the lost sale cost is: 

𝐿𝑆𝐶 = 𝐶𝐿𝑆[∫ (1 − 𝛿)(𝑎 − 𝑏𝑝)
𝑡3

𝑡2

]𝑑𝑡 

= 𝐶𝐿𝑆(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 − 𝑡2)       (12) 

Production cost: 

PC = (𝛼 +
𝑔

𝑃
+ 𝑟𝑃)[∫  𝑃 𝐼1

𝑡1

0  
(𝑡)𝑑𝑡 + ∫ 𝑃 𝐼4(𝑡)𝑑𝑡

𝑇

𝑡3
] 

= 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3)                  (13) 

Preservation cost 

PRC = uT                     (14) 

Set up cost=𝐶𝑆𝑃                    (15) 

Total cost= [Holding cost+ Deterioration cost+ Shortages cost+ Lost sale cost+ Production  

                   cost + Preservation cost+ Set up cost]/T 

TC=
1

𝑇
[(𝐶ℎ + 𝑤𝑐)[

(𝑃−(𝑎−𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎−𝑏𝑝)

𝜃1
(

1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) − (𝑡2 − 𝑡1))] 

+(𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))]+𝐶𝑆[(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
] + 𝐶𝐿𝑆(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 −

𝑡2) + 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3)+uT + 𝐶𝑆𝑃 ]               (16)                   

On applying the fuzzy parameters i.e. fuzzified in holding cost, shortages cost, lost sale cost and 

set up cost. The fuzzified total cost is as follows: 

𝐹𝑇𝐶 =
1

𝑇
[(𝐶ℎ̃ + 𝑤𝑐)[

(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1)

− (𝑡2 − 𝑡1))] + (𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
)

+
(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))] + 𝐶�̃� [(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
] + 𝐶𝐿�̃�(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 −

𝑡2) + 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3) + 𝑢𝑇 + 𝐶𝑆�̃�]                             (17) 

Where (~) denotes the fuzzification of the parameters and we consider the triangular fuzzy 

number to represent holding cost, shortages cost, lost sale cost and set up cost with membership 

function: 
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𝐶ℎ̃ = (𝐶ℎ − ∆1, 𝐶ℎ, 𝐶ℎ + ∆2 ) where 0 < ∆1< 𝐶ℎ and ∆2> 0 

𝐶�̃� = (𝐶𝑆 − ∆3, 𝐶𝑆, 𝐶𝑆 + ∆4 ) where 0 < ∆3< 𝐶𝑆 and ∆4> 0 

𝐶𝐿�̃� = (𝐶𝐿𝑆 − ∆5, 𝐶𝐿𝑆, 𝐶𝐿𝑆 + ∆6 ) where 0 < ∆5< 𝐶𝐿𝑆 and ∆6> 0 

𝐶𝑆�̃� = (𝐶𝑆𝑃 − ∆7, 𝐶𝑆𝑃 , 𝐶𝑆𝑃 + ∆8 ) where 0 < ∆7< 𝐶𝑆𝑃 and ∆8> 0 .  

And the signed distance method 

𝑑(𝐶ℎ̃) = 𝐶ℎ +
1

4
(∆2 − ∆1) 

𝑑(𝐶�̃�) = 𝐶𝑆 +
1

4
(∆4 − ∆3) 

𝑑(𝐶𝐿�̃�) = 𝐶𝐿𝑆 +
1

4
(∆6 − ∆5) 

𝑑(𝐶𝑆�̃�) = 𝐶𝑆𝑃 +
1

4
(∆8 − ∆7) 

From equation (17), we have: 

𝑓(𝐶ℎ ,̌ 𝐶�̃�, 𝐶𝐿�̃�, 𝐶𝑆�̃�) = FTC 

Now by the fuzzy triangular rule, we have 

𝑓(𝐶ℎ ,̌ 𝐶�̃�, 𝐶𝐿�̃�, 𝐶𝑆�̃�) = (f1, f2, f3) 

f1, f2, f3 are obtained as: 

𝑓1 =
1

𝑇
[((𝐶ℎ − ∆1) + 𝑤𝑐)[

(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1)

− (𝑡2 − 𝑡1))] + (𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
)

+
(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))] + (𝐶𝑆 − ∆3)[(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
] + (𝐶𝐿𝑆 −

∆5)(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 − 𝑡2) + 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3) +uT+ (𝐶𝑆𝑃 − ∆7)] 

𝑓2 =
1

𝑇
[(𝐶ℎ + 𝑤𝑐)[

(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1)

− (𝑡2 − 𝑡1))] 

+(𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))]+𝐶𝑆[(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
] + 𝐶𝐿𝑆(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 −

𝑡2) + 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3)+uT + 𝐶𝑆𝑃 ]   
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𝑓3 =
1

𝑇
[((𝐶ℎ + ∆2) + 𝑤𝑐)[

(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1)

− (𝑡2 − 𝑡1))] 

+(𝑑𝑐 + 𝑑𝑒)𝜃(1 − 𝑓(𝑢))[
(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))] + (𝐶𝑆 + ∆4)[(𝑎 − 𝑏𝑝)𝛿
(𝑡3−𝑡2)2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇−𝑡3)2

2
] + (𝐶𝐿𝑆 +

∆6)(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 − 𝑡2) + 𝑃 (𝛼 +
𝑔

𝑃
+ 𝑟𝑃) (𝑇 + 𝑡1 − 𝑡3) +uT+ (𝐶𝑆𝑃 + ∆8)] 

Defuzzification of fuzzy number using signed distance method is given by: 

𝐷𝑇𝐶 = 𝑓(𝐶ℎ ,̌ 𝐶�̃�, 𝐶𝐿�̃�, 𝐶𝑆�̃�) = 𝑓2 +
1

4
(𝑓3 − 𝑓1) 

= 𝑓2 +
1

4
[((∆2 − ∆1))[

(𝑃 − (𝑎 − 𝑏𝑝))

𝜃1
(𝑡1 +

𝑒−𝜃1𝑡1

𝜃1
) +

(𝑎 − 𝑏𝑝)

𝜃1
(
1

𝜃1
(𝑒𝜃1(𝑡2−𝑡1) − 1) 

−(𝑡2 − 𝑡1))] + (∆4 − ∆3)[(𝑎 − 𝑏𝑝)𝛿
(𝑡3 − 𝑡2)

2

2
− (𝑝 − (𝑎 − 𝑏𝑝))

(𝑇 − 𝑡3)
2

2
] 

+(∆6 − ∆5)(1 − 𝛿)(𝑎 − 𝑏𝑝)(𝑡3 − 𝑡2) + (∆8 − ∆7)]          (18) 

Now, to establish the optimality of equation (18), the necessary condition satisfied is: 

𝜕𝐷𝑇𝐶

𝜕 𝑝
= 0 , 

𝜕𝐷𝑇𝐶

𝜕 𝑢
= 0 and 

𝜕𝐷𝑇𝐶

𝜕 𝑃
= 0 

The condition of Hessian matrix is satisfied. 

The first, second and third minor determinants of H is Zero. i. e 

|𝐻11 | > 0, |𝐻22| > 0, |𝐻33 | > 0 

The Hessian matrix H is estimated as: 

𝐻 =

[
 
 
 
 
 
 
𝜕2𝐷𝑇𝐶

𝜕𝑝2

𝜕2𝐷𝑇𝐶

𝜕𝑝𝜕𝑢

𝜕2𝐷𝑇𝐶

𝜕𝑝𝜕𝑃

𝜕2𝐷𝑇𝐶

𝜕𝑢𝜕𝑝

𝜕2𝐷𝑇𝐶

𝜕𝑢2

𝜕2𝐷𝑇𝐶

𝜕𝑢𝜕𝑃

𝜕2𝐷𝑇𝐶

𝜕𝑃𝜕𝑝

𝜕2𝐷𝑇𝐶

𝜕𝑃𝜕𝑢

𝜕2𝐷𝑇𝐶

𝜕𝑃2 ]
 
 
 
 
 
 

 

 

4. Numerical Exemplification: 

 

To encapsulate the results of the proposed model, we assume the following data for both crisp and 

fuzzy models. Mathematica 12.1 software is used to obtain the relevant result and convexity test is 

also performed. 

Case 1: Crisp Model  

Let the assume parameters be as follows  
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θ1= .0075,𝑎 = 158, 𝛼 = 46; 𝑔 = 130, 𝑟 = 0.008, 𝑐ℎ = 1.5;𝑤ℎ = 1.5; 𝑑𝑐 = 1.5, 𝑑𝑒 = 2.5, 𝑆 =

240, 𝑘 = 2.5, 𝑐𝑙𝑠 = 1.5, 𝑃 = 174, 𝑝 = .7, 𝛾 = 0.5; 𝛿 = 0.5, 𝑢 = 4 

Optimal solution:  t2=7.2, 𝑇 → 11.5 and Total cost= 155884 

Case 2: Fuzzy Model  

Let the assume parameters be as follows  

θ1= .0075,𝑎 = 158, 𝛼 = 46; 𝑔 = 130, 𝑟 = 0.008, 𝑐ℎ = 1.5;𝑤ℎ = 1.5; 𝑑𝑐 = 1.5, 𝑑𝑒 = 2.5, 𝑆 =

240, 𝑘 = 2.5, 𝑐𝑙𝑠 = 1.5, 𝑃 = 174, 𝑝 = .7, 𝛾 = 0.5; 𝛿 = 0.5, 𝑢 = 4, ∆1= 1, ∆2= 3, ∆3= 0.5, ∆4=

4, ∆5= 0.5, ∆6= 3, ∆7= 4.5, ∆8= 8 

Implementing triangular fuzzification, the parameters be 

�̃�ℎ = (0.5,1.5,4.5) �̃�𝑠 = (2,2.5,6.5) �̃�𝑙𝑠 = (1,1.5,4.5)�̃�𝑠𝑝 = (235.5,240,248) 

Employing Signed Distance Method of defuzzification for the above case: 

Optimum Solution:t2=5.5, T=11.6, Total Cost= 237222 

 

Fig. a: Convexity of Fuzzy model 

SENSTIVITY- Sensitivity for fuzzy model is performed on some important factors 

Percentage t T Total Cost 

Θ1 

-10 % 4.4 10.6 209302 

-5 % 5.3 11.4 233525 

5 % 6.1 12.2 256015 

10 % 6.8 13.0 277109 

Α 

-10 % 7.4 12.1 229577 

-5 % 6.4 11.9 233710 
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5 % 4.5 11.4 241621 

10 % 3.5 11.1 245413 

Ch 

-10 % 4.7 11.3 233592 

-5 % 5.1 11.5 235672 

5 % 5.8 11.7 239743 

10 % 6.2 11.9 241735 

Wc 

-10 % 4.7 11.3 233592 

-5 % 5.1 11.5 235672 

5 % 5.8 11.7 239743 

10 % 6.2 11.9 241735 

dc 

-10 % 5.41 11.6 227367 

-5 % 5.40 11.6 227545 

5 % 5.50 11.6 237959 

10 % 5.54 11.6 238078 

P 

-10 % 8.0 8.1 157488 

-5 % 7.7 8.6 167082 

5 % 7.6 13.3 321031 

10 % 6.6 15.8 375619 

Csp 

-10 % 5.4 11.6 236798 

-5 % 5.4 11.4 237710 

5 % 5.4 11.6 237734 

10 % 5.5 11.3 237746 

CLS 

-10 % 5.42 11.6 237708 

-5 % 5.45 11.6 237715 

5 % 5.5 11.6 237729 

10 % 5.6 11.6 237736 

P 
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1 

 

Tabl

e 2 : 

Sensitivity for fuzzy model  is performed on various influential parameters at the change of 

10%, -5%,5%,10% 

 

 

 

                                                     

 Fig 1: Graphical presentment of sensitivity     Fig 2: Graphical presentment of  sensitivity 

of the t2 and T  w.r.t. ‘θ1’                                                      of the t2 and T w.r.t. ‘α’ 

 

                                   

Fig 3: Graphical presentment of sensitivity          Fig 4: Graphical presentment ofsensitivity   

of the t2 and T w.r.t. ‘Ch’                                             of the t2 and T w.r.t. ‘dc’                               

 

-10 % 5.5 11.5 235629 

-5 % 5.4 11.5 236742 

5 % 5.4 11.6 238740 

10 % 5.5 11.7 239715 
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Fig 5: Graphical presentment of sensitivity      Fig 7: Graphical presentment of sensitivity         

of the t2 and T w.r.t. ‘P’                                                      of the t2 and T w.r.t. ‘P’      

 

                                        

Fig 8: Graphical presentment of sensitivity of the t2 and T w.r.t. ‘Cls’                               

 

5. Relative Variation 

Relative Variation between Fuzzy Case and Crisp Model for minimum total cost can be measured by 

REL T.C= 
minimum T.C for fuzzy case−minimum T.C for crisp case

minimum T.C for crisp case
× 100% 

=
237222 − 155884

155884
× 100% 

  =
141338

155884
× 100% 

  =90.6 % 

 

6. Observations: 
Sensitivity analysis is carried out here and the following observations made: 

1.  The parameter of selling price is inversely affected toward(t2,T) and the total cost. 

2. The parameter of deterioration rate has direct effect toward optimal time (t2,T) and 

optimal cost. 
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3. If the parameter of unit production cost increases or decreases, the optimal time (t2, T) 

and total costs are increases or decreases respectively.  

4. Holding cost & Carbon emission cost in holding is directly affected by the optimal time 

(t2, T) and total cost. 

5. Set up cost is directly affected by the optimal time (t2, T) and the total cost. 

6. t2, T and total costs are moderately sensitive to change in the backlogging rate. 

7. Lost sale cost is direct sensitive toward optimal time t1 and total cost but constant 

toward T. 

8. Relative variation between crisp and fuzzy model is 90.6 %. The relative deviation 

between the optimum cost of fuzzy and crisp is high. 

 

7. Conclusion: 
The main concern of a manager is to keep the proper track of sustainability. Carbon 

emission is one of the concerns related to global warming. Inventory for deteriorating 

item is another matter of concern and specially, in case of food items. If there is no 

action taken in such cases, then it can raise the cost of deterioration and total cost as 

well. Preservation technology can be one of the ways to handle such situation in a 

sustainable manner. In the proposed model two model are derived first is crisp and 

second model is further fuzzified in holding cost, shortages cost, lost sale cost and set 

up cost. For fuzzy model, a method of defuzzification, namely the signed distance, is 

employed to find the estimate of total cost. Further the crisp and fuzzy model is 

compared. Sensitivity analysis is applied to validate the model. Relative variability is 

also being found out for the two models. 
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